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THE POTENTIAL FUNCTION. 
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BY PEOF. DAVID TROWBRIDGE, WATERBURGH, N. Y. 

1. On p. 100, Vol. I. of The Analyst, Eq. (11), I have given the 
following value of the Potential Function : 

' ( >r n s\nd'dr'dd'dco' 

<J r 2 _|_ r « _ 2rr'[cos 6 cos 6' + sin 6 sin#' cos(a> — to')] p ' ( > 

the integrations extending over the entire attracting mass. Now let 

r' = or, and p — cos cos 0' + sin sm $' cos ( w — i0 ')> • • • • 00 

and P = (1 + c 2 — 2op)-* • (3) 

then V= fff—pBr' 2 sin O'dr'dO'dw' (4) 

Let P be developed in to the following series : 

P = 1 + eP t + o»P a + c 3 P 3 + • • • + JPi + . . . (5) 

P ; is a function of p independent of c. If we take the partial differential 
coefficients of (3) with respect to p we shall have 
D P R= c(l + c 2 — 2ep)-l = cP 3 , D|P — 3cR 2 D p R = 3c 2 P 5 , 2)»i2 
= 3 . 6o»iP, P*P = 3.5. 7c 4 P>, . . . D;R = 3 . 5 . 7. ..(2n— l)c"P 2 " +1 .(6) 

Now let P 2 *^ 1 = 1 + oPf + c 2 Pf + . . . + c { Pi n) + ... v") 

If we take the partial differential coefficients of (5) with respect to p, mul- 
tiply (7) by 3 . 5 . 7 . . . (2» — l)c", equate the coefficients of like powers of c, 

we shall find P£P =,1.3.5.7.. .(2n— l)P[% (8) 

From this equation we can find Pf, P ( 2 ' , &c. when P x , P 2 , &c. are 
known in terms of p. 

2. From (3) we find, by taking partial differentials, 

D C R = — (c — p)R 3 , D c (c 2 D c P) = — D c (& — c»P 3 =— (3c 2 — 2cp)P 3 

— 3(c s — c 2 p)R 2 D c R = — (3c 2 — 2cp)P 3 + 3c 2 (c — pfR? 

D P R = cP 3 , D p (p 2 D p R) = cP p (p 2 P 3 ) = 2cpP 3 + 3c 2 p 2 P 5 , P|P = 3c 2 7i 5 . 

From these equations we find, since P 2 (l -}- c 2 — 2cp) = 1, 

P c (c 2 P c P) + D%R — D p (p 2 D p R) = — c(3c — 2p) (1 + c 2 — 2cp)P» 

+ 3c 2 (c — p) 2 PJ' + 3c 2 P 5 — 2cp(l + c 2 — 2cp)P 3 — 3c 2 p 2 P 5 = 0. 
A(c 2 PP) + D P l{l-p 2 )D p R~\ - (9) 
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If we substitute the value of P given by (5) in this equation, and equate 
the coefficients of like powers of c, we shall find for the general value 

Hi + 1)P + D,[(l — pWJ = (10) 

By means of this equation we are to calculate the value of P 4 From 
(3) and (5) we have 

D C R = - (1 + C 7_f 2oj3)| = Pi + 2P 2 c + . . . + iP^-i + . . 

(p — o)(l + P x e + P 2 c 2 + . . . + P_ l0 ''-i + . . . ) = (1 + c 2 — 2cp) 

X(P t + 2P 2 c + . . . iP.cr-1 + . . ). 
From this equation we have 

iP, = (2i-l)pP_ 1 -(i-l)P_ 2 (11) 

If i = 2, since P = 1, and P x = p, 2P 2 = 3p 2 — 1 ; and for i = 3, 
3P g = 5pP 2 - 2P X = f (op 8 - 3p). 
From these equations we readily see that P { will have this form 

P = P ^ + P^- 2 + P 2 ^' 4 + . . . + P s y- 2S + . . . (12) 
If we substitute the value of P f given by (12) in (10) and equate the co- 
efficients of like powers of p, we shall have 
i(i + 1)P S + (i — 2s + 2) (» — 2s + 1,P S _ ! — (t — 2s) (* — 2s + 1)5, = 0. 

(^_2s + 2)(t-2s + l) 
^» — — 2s(2i — 2* + l) — ' - 1 *- 1 ^ 

Now make s = 1, 2, 3, &c. in succession, and 

R _ ^-^ p R _ (*-2)(i -3) j(i-l)(i-2)(i-S ) 

Jil ~ 2(2i—l) Ji °> -° 2 ~ 4(2i— 3) 1— 2.4(2i— l)(2i — 3)^° 

&c (14) 

We can in this way find all the coefficients in terms of P . We see that 
B is the coefficient of o'p* in the development of P. We have 

* = (1 +«.)-* (l_^)-* = (! + *)-* 



" , 2^ 3.2 2 /ty 

1 + 2 "*" 2.4 



3.5... (2t — l)2^y I _c_ 

+ 2. 4. 6.. .2* + • •J- ^ — 1+c 2 

From this we see that the coefficient of c'p' is — ' .. ' ~ 'J -. — == B . . (15) 

1.3.5... 2i— If . i{i— 1) . „ , i(z— l)(i— 2)(i— 3) . , 
Hence P t = L2 . 3 , , A \f~^3f-* + 2.4(2^-1 )^3) ^ 

-•••] (16) 
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If we put aP{ for P,- in (10) the equation will still be satisfied; so that 
so long as a function of p differs from P only by having a constant multi- 
plier, greater or less than unity, it will satisfy (10). The quantity P, I 
shall call the p — coefficient of the ith order; and any other quantity as I], 
that will satisfy (10), I shall call the p — function of the ith order, i being 
any integer which denotes the highest power of p that enters in to the coef- 
ficient or the function. 

If we should substitute fcr p its value given by (2), equation (10) would 
then be known as Laplace's Equation ; and P t would be called Laplace's 
Coefficient of the ith order; and F t would be ealled Laplace's Function. 

3. Let Pj and Q ( be any two p — functions. Equation (10) gives 

i(i+l)fi} t Q % dp = —C§J)Ji(l—f)D p Pddp (17) 

•* -l J -l 

n(n + l)f + p)Q n dp = —f + PJ) P l(l -p*)I> p Q n -]dp .... (18) 

i(i + i)§ + p\q n dp = —[*_[ &[(i— pWd] +fp P Pl(i-p 2 )D P Q n ]dp 

= ~P10- -f)DM~\- fPiDKl-p^B.Q^dp = n(n + l) jp^dp, 
_— i —l * -l -i 

by (1 8). Therefore [t(t + 1) — n{n -r- l)]fp\ Q n dp = 0. 

So long as i differs from n, i(i + 1) — n(n -f 1) is not zero and therefore 

j + p\q n dp = o (19) 

This is a very important result. If i = n it is indeterminate. For the 
case where » = i»we shall proceed as follows : 

If we make X = 1 — p\ then ^[(l —p 2 )D p P^ = D p {XD p P t ). If this 
be differentiated m times we shall have 

n&KDtPt) = D^XD.P, -f mI%-iXD*P, + .. + -^-^D^XD^Pi 

+ faD p KJ)»P i + XD2+ 1 P i = —m{m—l)B' p '- 1 P i — 2mpD™P i 

+ (1 — _p 2 )P; ,+ 1 P, since X= 1 —f. 
If we apply this to (10), we shall have, since i(i + 1) — m ( m — 1) 
— (i — m + l)(i+m), by multiplying the resulting equation by (1 — p 2 )™" 1 
D p [(l —p 2 ) m D™P,l + (t — m + l)(t + m) (1 — p^' 1 ^ 1 ^ = 0. . .(20) 
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Now multiply (20) by D™~ 1 P n , and integrate the first term by parts, and 

— Cli—rfy"jD?PiP2P n dp 

J -1 
= —flj—pT^pPiD^PJp 

= _ (*_ m + i)(i + m )f(j--pY-iD^P i B^P n dp ; 

or ftl—pYD^PiD^PJp 
'' -l 

= (i_ m + l)(t + m) C(l— 1 ,y-iD^-P i D^PJp. . .(21) 
■^ -1 
If we now make in succession m = 1, 2, 3, &c, we shall have 

ftj—f)D p P i D p P n dp = i(i + V)j + P\p n dp, f(j - p'fD^P^PJp 

= (i — 1)(» + 2) f(j i - 1 f)D p P i D p P n dp = i(i—l)(i+l)(i+2)f + AP n dp ; 

and finally fl — p 2 ) m D%P i D'»;P n dp 
./ -i 

= (i — m + l)(i — m + 2) . . . i(i + 1) . . . (i + m) fi^P B dp. . .(22) 

^ -l 

Now make n=i and m — i, and we have 
("fl— pJPpPiPlPidp = 1 . 2 . 3 . 4 . . . 2t fif>?dp (23) 

If we differentiate the value of P { given by (16), i times, we shall have 

pi^Pi = 1 . 3 . 5 . . . 2* — 1 (24) 

This value in (23) gives 

[1.3.5... 2i— l] 3 (fl — pjdp = 1 . 2 . 3 . 4 . . . 2t f PNp, 

f+i 1.3.5. ..2t — 1 Cft 2V , 

or J J^dp = 2 .4.6...2f-J (1"^^ 



1. 3. 5... 2i— 1.2.4.6. .% 



2.4.6...2i . 1.3.6...2i — l'2t + l 



P?dp = 



2t + l" 



(25) 



In this equation i is any integer. We can easily verify it for i = 2, since 
P 2 = |.(p 2 — i), and also for i s= 3, &c. The result expressed by (25) is 
also a very important one. 
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4. It is possible (granting that all differential equations of one variable 
are integrable) to arrange all algebraic functions of p, that do not become 
infinite between the limits of integration, into a series of p — functions, as 
will thus be seen. Let X be any algebraic function of p. In order that 
we may select from X what will make a p— function of the order i, say F it 
it is only necessary to find the coefficient which corresponds to what we 
have represented by B , (15), in the coefficients; for the law of the terms 
of the function is fixed, being the same as in (16). Let us call the required 
coefficient A^, then it will be evident by (25) that 

/+i 2 AW 
PJJp = w f I ; (26) 

r+i. 2 AW 
BojPfdp =2^pr; (27) 

since by (19) all the terms of Xnot required to form F t , will disappear. 
If X be developed according to the positive powers of p, then we may make 

a-*o\J> 2(2i—lf +--J+^o [f 2(2t — 3) P 

+ ...] + ••• 

and compare the coefficients of like powers of p. Let 

X = f + f +p + i =s ^( o) + A ^p + i' ! V~l) + A'KP — $p)- 

Then AP = 1, A& = 1, A& = |, A^ = f. 

By (27) j + {f +1 ?+p + l)dp = 2A^ = 2(i + 1), A^ = f, 
/& + f + p 2 + p)dp - Mi, 15 = 2(1 + I), AP = !, 

|/&-*)(? 3 +^+i'+i)^=i^ 2) =ia+j-i^i) J ^o 2) -i;&«-; 

since P - 1, P x = p, P 2 = UP 2 - i),P> = i{f - fc>), &c 

Since the quantity within the brackets in (16) must be the same for all 
these functions, it is evident that if X is a surd, as j/(l + p 2 ), the number 
of functions is infinite. Now let X— _4 + A t p 2 , and we shall find two 
functions of the order and 2, as follows ; 

A + Atf = {A, + ^ x ) + ^(^-i). (28) 

5. Let us now make an application of the principles which Ave have de- 
monstrated, to find the potential of an oblate spheroid for an external point 
situated in the prolongation of the axis of revolution, the density being ho- 
mogeneous. 
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From (2), (4), and (5) we have 

_ T J J o P r ' 2dr ' d P d(0 ' \j + F ^ + P ^ + • • • + P ^ + J 

by making sin #W = — dp (as it evidently is), and changing the sign of 
V. Since «/ is independent of r' and j9, and the first term evidently the 
mass of the spheroid divided by r (equal to m~r,) 

m /*+l l — r' 4 r' 5 1 r 'i+Z I 

V=T + 2*PJ <¥[IP^ + \?^ + ■■ +i+3-P^+r+ • • J- • (29) 

ai/(l e 2 ) r"' +3 

Let r' = -Tp? 2/-1 2\~ i > ail d let — j+g be developed in to a series of p- 

functions, so that 

r n+z = a i+^ Fo + Fl + F 2 + ... + F + ...] (30) 

If this be substituted in (29) we see by (19) that every term, when integra- 
ted, except the one containing P t will disappear. If we expand the value 
of r' i+z , retaining only e 2 , we shall find 

r«« = a** [l_i±-V] = « i+s [(l-^ 2 )- 1 ^^-*)] 

From this we see that i = and i = 2 are the only values to be used ; and 
since there is no P in (29), we have 

V = ^ - rrp~f + /P 2 (f - i)dp = T ~ ^p~jtf - *)*#• 

v m 4 2 o 5 to ma?e 2 

r 15 " r 3 r 5>' 3 ^ ' 

The preceding discussion will help the student to understand the nature 
and uses of Laplace's Coefficients and Functions in their more general form 
as given in works on the figure of the earth and elsewhere. Some mathe- 
matical expressions contain curious properties. 
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